We analyze the symplectic and complex structures on the panelled web 4-manifolds of [AK]. In particular, we give infinite families of examples of almost complex but not symplectic and not complex 4-manifolds in the nonsimply connected case.
Introduction
Panelled web 4-manifolds are introduced in [AK] which have a natural locally conformally flat (LCF) structure with negative scalar curvature. The underlying smooth manifolds have the nice property that they can be used to produce selfdual metrics with small signatures. See [AKO] for further information. In this paper we analyze complex and symplectic structures on these type of manifolds. Summarizing the Theorems 2.3, 2.4, 2.5 and 2.6 we obtain the following result.
Theorem A. The manifolds M 1 g , M 2 g,n , M 3 g,n for g, n > 0 and M 4 n for n > 1 are almost complex. 1 Furthermore as an outcome of the search for a complex structure we get, Theorem 4.2. The manifolds M 1 g , M 2 g,n , M 3 g,n , M 4 n do not admit any complex structure for all g, n > 0. Finally, the search for a symplectic structure yields the following.
Theorem 3.2. The manifolds M 1 g , M 2 g,n , M 3 g,n , M 4 n do not admit any symplectic structure for all g, n > 0.
It follows from the above theorems that the non-simply connected four-manifolds we investigated all carry almost complex structures, but they are neither symplectic nor complex. The first kind of example of almost complex but noncomplex four-manifolds was constructed by A. Van de Ven. In his paper [VV] [Mi] , namely if p + q ≡ 0 (mod 12) then an almost complex compact manifold can be constructed with these p, q; he constructs almost complex but noncomplex manifolds for special p and q's which are nonsimply connected and reducible, i.e. of the form of a connected sum. Later on A. Howard [Ho] gave examples using the same method of simply connected almost complex but noncomplex four manifolds. Shing-Tung Yau produces the first parallelizable manifolds of this kind in [Yau] using Massey products, N. Brotherton provides more examples of parallelizable noncomplex almost complex manifolds in [Bro] using the same techniques. These are basically constructed by taking the product of a 3-manifold with a circle. They all depend on the fact that a compact complex four manifold with even first Betti number is Kähler, and the real Massey products on a compact Kähler manifold vanish. So they construct compact manifolds with first even Betti numbers and nonvanishing Massey products, so that there is no way for them to be complex. Here we also provide examples of fourmanifolds of this kind, namely almost complex, noncomplex and nonsymplectic manifolds. Ours have strictly negative (hence nontrivial) Euler characteristics, so that they are not parallelizable. In higher dimensions the existence of almost complex, noncomplex manifolds remains still as a conjecture. The reader may want to check [FGG] for symplectic, noncomplex examples.
In Sections §2 and §4 we analyze the complex structures and in Section §3 we investigate symplectic structures on the manifolds. The first set of manifolds we want to work with are denoted by M 1 g , and can be seen through the Figure 1 . This is an instance of a handlebody diagram. One can interpret the diagram as follows. Start with a blank page which stands for a copy of R 3 , a part of S 3 the three dimensional sphere. The three-sphere bounds a 4 dimensional ball from one side. As you can notice, the spheres in the picture appears in pairs. Through each pair we attach a 4-dimensional 1-handle, i.e. a copy of D 1 × D 3 , where D k is a k-dimensional (closed) ball. After this process, we attach 4-dimensional 2-handles, i.e. D 2 × D 2 through the curves in the picture, each of which is a copy of a circle. Notice that a boundary piece of the 2-handle is S 1 × D 2 . After these two types of attachments, we need to attach the 3 and 4 handles, but these are uniquely attached so we do not mention them. In [AK] the reader can find out the motivation to work with these manifolds. There, LCF metrics on these manifolds are considered. Here, we are only interested in the underlying smooth manifolds. Alternatively, for construction one begins with Σ g,2 , the twice punctured genus g surface, then cross it with the interval I = [0, 1] and then glue the boundary cylinders with each other with a flip. Finally make a so-called complex twist. This way one obtains the panelled web 3-manifold, and then by crossing this with S 1 and identifying its boundary one obtains the panelled web 4-manifold. A curious reader should check the reference to understand the relationship between the two constructions. These manifolds have the following characteristics.
Here, the fundamental group is generated by 1-handles, and lowercase letters are used to denote the coressponding generators. As an application of the Lemma 2.2 they are all spin since they have even intersection form and there is no 2-torsion in H 1 (M 1 g ; Z). We will see that the Lemma is also applicable for the rest of the manifolds we will consider, so that they will be spin as well. Our first result is the following. Proof. We know H 2 (M 1 g ; Z) = Z ⊕ Z. Say h 1 and h 2 are generators of
we must have 2ab = −8g, i.e. ab = −4g. Then for any fixed g, let a = −2g, b = 2 so that h = −2gh 1 + 2h 2 ∈ H 2 (M 1 g ; Z). This gives an almost complex structure on TM 1 g for any g. Note that the second condition in Wu's theorem, i.e. h ≡ w 2 (mod 2) is automatically satisfied for this choice of h = (−2g, 2), since we know that M 1 g is spin hence w 2 = 0 and we have h = −2gh 1 + 2h 2 = 0 (mod 2).
In fact, the number of almost complex structures (upto homotopy) on each manifold of this family and upcoming families are finite. This is the consequence of that the Lemma 2.1 is actually an if and only if statement, i.e. almost complex structures are in correspondence with (or parametrized by) the elements of H 2 (M; Z) satisfying the two conditions. One way to see this is that an almost complex structure turns the tangent bundle into a complex 2-bundle, and U(2) bundles are determined by the first two Chern classes, the latter of which is equal to the Euler class that is fixed for the tangent bundle so only c 1 conditions are important. See pp. 29 − 31 of [GS] for further information. For our family e.g. if g is a prime number, then (±2g, ∓2) and (±2, ∓2g) are the only possibilities for h. In general h 2 conditions, which is ab = −4g for this family restricts the possibilities to the finite case and depends on the number of prime factors of g.
The second family of manifolds we want to work on are the manifolds M 2 g,n . See the Figure 27 in [AK] to see the explicit handlebody diagram. As one compares to the first family, the number of CDE components is increased and the complex twist handle (the F component) in the handlebody diagram for M 1 g is omitted. The fundamental group and the other topological invariants are computed as follows. Proof. We know H 2 (M 2 g,n ; Z) = Z ⊕ Z. Say h 1 and h 2 are generators of H 2 (M 2 g,n ; Z). Let (a, b) = ah 1 + bh 2 be an element of H 2 (M 2 g,n ; Z). If (a, b) satisfies the above hypothesis we must have (a, b) 
But since we know from the intersection form of the manifold,
g,n ; Z). This gives an almost complex structure on TM 2 g,n for any g. Note that the second condition in Wu's theorem, i.e. h ≡ w 2 (mod 2) is automatically satisfied for this choice of h = (2 − 2g − 2n, 2), since we know that M 2 g,n is spin hence w 2 = 0 and we have h = (2 − 2g − 2n)h 1 + 2h 2 = 0 (mod 2).
In the third sequence of manifolds M 3 g,n in [AK] seen in Figure 29 , CE-components are taken away and some new building blocks, namely trivial I-bundles over punctured annuli Σ 0,3 are attached through the handles D i . These manifolds have,
Our next result is the following.
Theorem 2.5. The manifolds M 3 g,n are almost complex for all g, n > 0.
Proof. This time we have H
is generated by h 1 , ..., h 2+2n with h i ∪ h i = 0 for any i, and h i ∪ h i+1 = h i+1 ∪ h i = 1 for odd i's. So for instance we may take h = 2h 1 + 2h 2 + 2h 3 − 2gh 4 + 2h 5 − 2nh 6 . With this choice of h, one can obtain
. Again since h is arranged to be even its mod 2 reduction is zero, which is the Stiefel-Whitney class of the spin manifold.
In the last set of constructions of Panelled Web manifolds M 4 n in [AK] seen in Figure 30 , many copies of the new building blocks are attached to each other as a chain. By this way it is found that,
Theorem 2.6. The manifolds M 4 n are almost complex for all n > 1 and do not admit any almost complex structure for n = 1.
Proof. We split the proof into the following cases.
Case 1: Assume n is even; We have H 2 (M 4 n ; Z) = Z 2n , so that H 2 (M 4 n ) is generated by h 1 , ..., h 2n with h i ∪ h j = 0 for j = i + 1 and h i ∪ h i+1 = h i+1 ∪ h i = 1 for odd i's. So for n even we may take h = 2h 1 + 2h 2 + 2h 3 − 4h 4 + 2h 5 + 2h 6 + 2h 7 − 4h 8 + ... + 2h 2n−3 + 2h 2n−2 + 2h 2n−1 − 4h 2n so that the coefficients take the values (2, 2, 2, −4) repeatingly. With this choice of h, one can obtain h ∪ h = −4n = 3τ(M 4 n ) + 2χ(M 4 n ) and h (mod 2) = w 2 = 0. So, the hypothesis of Wu's Theorem is satisfied.
Case 2: Assume n is odd, n = 1 and n = 2k + 1 with k even (say k = 2t, t ∈ Z + ); Again say H 2 (M 4 n ) is generated by h 1 , ..., h 2n observe that 2n ≥ 10 since with this choice of n, n ≥ 5. This time let h = h 1 + ... + h 2n−6 − 2h 2n−5 + 2th 2n−4 − 2h 2n−3 + 2th 2n−2 − 2h 2n−1 + 2th 2n so that the first (2n − 6) terms have coefficient 1, and the coefficients for the last 6 terms appear as (−2, 2t, −2, 2t, −2, 2t).
for odd i, but summing up (2n − 6) of them and adding the last terms with coefficients a multiple of 2, guarantees the second condition in Wu's theorem.
Case 3: Assume n is odd, n = 1 and n = 2k + 1 with k odd (say k = 2t + 1, t ∈ Z);
Let h = h 1 + ... + h 2n−2 − 2h 2n−1 + (6t + 4)h 2n so that the first (2n − 2) terms have coefficient 1, and the coefficients for the last 2 terms are (−2, 6t + 4).
This completes the proof for all n such that n = 1. In fact for n = 1, M 4 n are not almost complex since there can not exist any generator of H 2 (M 4 n ) satisfying the conditions of the Wu's Theorem in that case.
Symplectic Structures
Next we will investigate the symplectic structures on these manifolds. We follow the nice survey [Li] . There is a classification scheme for symplectic 4-manifolds similar to that of the Kodaira classification for complex surfaces. In the symplectic case, first of all one needs to find a substitute for the canonical bundle of the complex surface. This is easily generalized. Since associated to a symplectic manifold (M, ω) , there is the contractible space of compatible almost complex structures. Using any compatible almost complex structure J we define the symplectic Chern classes c k (M, ω) := c k (M, J) and hence the symplectic canonical class −c 1 (M, ω) denoted sometimes by −c 1 (ω) or K ω which lies in H 2 (M; Z). Next for a minimal symplectic 4-manifold (M, ω) we define the Kodaira dimension in the following way. See [Li0, MSS] . if c 1 (ω) · [ω] < 0 and c 2 1 (ω) 2 > 0 We will also make use of the following theorem.
